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Diffusion within a Layered, Graphite-Like, Spherical Electrode
Theoretical Aspects
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A method of analysis is presented whereby one may determine from chronocoulometric measurements whether a spherical
electrode is isotropic or anisotropic. To be examined theoretically is diffusion of a species within a collection of flat impermeable
disks stacked parallel to and at equal distance from each other, forming an enveloping spherical surface. Within this model, which
mimics a layered, graphite-like spherical electrode, species can enter �or leave� each of the disks only through the edge, i.e.,
transport across the faces of the disks is not allowed. The functional form of the transient dimensionless flux for this stratified
structure, following a concentration step at the surface, was found to be very similar to that of an isotropic sphere of the same
radius subject to otherwise identical conditions. However, the times required for the two types of spheres to achieve a prescribed
fraction of their maximum capacity were found to differ, particularly for short times. Provided the number of disks is known, a
parameter that can be easily obtained from the size of the particle and the interplanar distance of the layered material, the analysis
presented in this work affords means of extracting from the experimental data the correct diffusion coefficient of the species within
the stratified lattice, and thus assessing the error involved by assuming the sphere to be isotropic.
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Efforts toward further performance optimization of Li+ batteries
have generated renewed interest into experimental and theoretical
aspects of mass transport within solid media.1,2 Of particular interest
is to develop and implement methods for a reliable determination of
diffusion coefficients. Much progress in this area has been made via
an analysis of potential-step,3-6 galvanostatic discharge,7 and imped-
ance spectroscopy3-5,8,9 measurements, in which the lattice is as-
sumed to be isotropic. Although justified for most cathode materials
in view of their structure, such an assumption is not valid for layered
materials such as graphite, for which Li+ transport occurs along, but
not across, the graphene sheets.

This contribution examines from a theoretical viewpoint mass
transport within a structure composed of disks stacked at equal dis-
tance from each other and forming an enveloping spherical surface
of radius ro subject to a concentration step at the surface, which
renders insertion into �or release from� each disk under strict diffu-
sion control. Such conditions are realized in practice in potential-
step �or chronocoulometric� experiments involving materials of rel-
evance to Li+ battery electrodes, for which the diffusion coefficients
of Li+ are orders of magnitude smaller than those in electrolyte
solutions. Although the Li+ insertion materials in technical elec-
trodes are present as a collection of irregularly shaped particles on
the order of micrometers in characteristic dimension, the choice of a
spherical particle simplifies considerably the mathematical analysis,
allowing essential aspects of the phenomenon to be illustrated. One
of the primary objectives of this work is to compare the transient
current response of an anisotropic layered spherical particle of the
type described above following a potential �concentration� step with
that of an isotropic sphere of the same radius subject to identical
conditions.

Theoretical Formalism

Diffusion within a disk and within an isotropic sphere has been
extensively studied and is only briefly reviewed here.1 As is well
known, the governing differential equations for both of these two
geometries differ only in the magnitude of the factor that multiplies
the term inversely proportional to the radial distance, r, i.e., 1 for the
disk and 2 for the sphere �see Eq. I.1 in Table I�. The boundary
conditions �see Eq. I.2� selected in this work represent a concentra-
tion step at the edge of the disk or the surface of the sphere, r
= ro, which simulate a potential-step �or chronopotentiometry� ex-
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periment that induces incorporation �or release� of species into
�from� the structure under strict diffusion control. By defining a
common set of dimensionless variables �see Eq. I.3�, one may re-
duce Eq. I.1 and I.2 to Eqs. I.3 and I.4. The solutions for the disk
and for the �isotropic� sphere can be expressed in terms of Bessel
functions, J, of order 0 and 1, and of spherical Bessel functions, j,
also of order 0 and 1, respectively �see Eq. I.5�. Also shown in Table
I are surface flux and its time integral, which are proportional to the
current and the accumulated charge, respectively. The surface flux is
proportional to the spatial derivative of the dimensionless concen-
tration, C = �c/co� − 1, with respect to the dimensionless radial dis-
tance � = r/ro, evaluated at � = 1, the surface of the sphere or the
edge of the disk. This is denoted as I��� �Eq. I.6�, where �

= Dt/ro
2 is the dimensionless time, while the integral of I��� with

respect to � is written as Q��� �Eq. I.7�.

Diffusion within an anisotropic layered sphere.— It is assumed
in what follows that the anisotropic sphere consists of a finite col-
lection of disks stacked on top of each other, forming a stratified
quasi-spherical structure of radius ro, as shown schematically in Fig.
1. It is important to stress that the faces of the disks form an impen-
etrable barrier, so that transport of species occurs within but not
across the disks. Because the concentration of the species at the edge
of each of the disks is assumed to be constant at all times following
application of the step, the response of the stratified sphere can be
obtained by simply adding the contributions due to all of the disks.
In this model, the total flux, Isph

ani �t�, and the total integral of the flux,
Qsph

ani �t�, for this anisotropic sphere are given in terms of dimen-
sioned variables by the following expressions

Figure 1. Schematic diagram of the model employed to represent a layered
spherical particle composed of a collection of stacked disks of varying di-
ameters, a , and thickness h = r /N.
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where �l
�0� are the zeroes of the Bessel function of order 0, and 2N

is the number of disks.
The form of Qsph

ani �t� obtained in this way is superficially similar
to the result for an isotropic sphere �Eq. I.8�. At small times the rate

Figure 2. Plots of I��� vs � for an anisotropic sphere consisting of 3000
disks �see dashed line and text for details� and an isotropic sphere of the
same radius �see solid curve, left ordinate� following application of a con-
centration step at the surface at � = 0. I��� is proportional to the current
measured in a chronocoulometric experiment. Also shown in this figure �see
right ordinate� is a plot of the ratio Iani���/Iiso��� to highlight the quantitative
differences between the results obtained for the anisotropic and isotropic
spheres.

Table I. Differential equations and boundary conditions, and their co
currents and charges for diffusion into a sphere and a disk following

System Disk

Differential equations �c 	 �t = D� �2c 	 �r2 + � 1 	 r ��c

Boundary conditions
c�r

Dimensionless variables � =

Differential equations �C 	 �� = �2C 	 ��2 + � 1 	 � ��C

Boundary conditions
C��

Solutions C��,�� = −2�n=1
� � Jo��n

�0���	�n
�0�J1��n

�0

Flux at the surface I��� = −2�n=1
� e−��n

�0�
�2�

Integral of I��� Q��� = 2�n=1
� �1 − e−��n

�0�
�2��/��n

�

a
��0� and ��0� in Eq. I.6-I.8 represent the zeroes of the corresponding Bes
n n
at which charge enters is almost independent of the presence of
impermeable layers, as the flow is essentially one-dimensional. At
large times the functional forms are also identical, as the long-time
behavior is dominated by the smallest value of �l

�0� �or �l
�0��, making

the decay essentially exponential. The important distinction, how-
ever, lies in the fact that this rate of exponential decay differs by a
factor close to 60%, i.e., the ratio of �1

�0�/�1
�0� between the two con-

figurations. This similarity of form over a wide range of times can
be seen in Fig. 2, which shows a plot of I��� vs � for an anisotropic
sphere consisting of 3000 disks �N = 1500� and for an isotropic
sphere of the same radius. In the case of graphite, for which the
interlayer distance is 0.311 nm, the number of disks selected would
correspond to a particle of ca. 10 �m in radius. As can be seen from
this figure, it would be difficult in practice to determine whether the
particle is isotropic or anisotropic from a simple fitting of theoretical
and experimental curves.

Because the long-time behavior dominates the form of the re-
sponse, a numerical fit to the equation that describes diffusion within
an anisotropic sphere, i.e.

Figure 3. Plots of the accumulated charge ratio �Q� − Q����/Q� vs � for an
anisotropic sphere consisting of 3000 disks �see upper curve and text for
details� and an isotropic sphere of the same radius �lower curve� following
application of a concentration step at the surface at � = 0, where Q� is
proportional to the charge injected in the limit as � → �.
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can be fit to within a few percent for times � � 0.2 to the
corresponding expression for the isotropic sphere, i.e.,
x�n=1

� exp�−�n
�0�2x�ani�, by a change of time scale, or, equivalently,

setting Diso = xDani, with x a fitting factor that for N = 1500 was
found to be equal to 0.62. Additional calculations in which N was
varied over a wide range yielded values of x in the range 0.6 
 x

 0.7 For values of N larger than 500, little variation was seen,
indicating that a system of 1500 layers is a good approximation to
the asymptotic limit of infinite N. In summary, a cursory inspection
of the functional forms of I��� vs � does not allow the behavior of
an anisotropic particle to be discriminated from that of its isotropic
counterpart.

A more careful examination of Qsph
ani �t� is thus required in order to

distinguish between isotropic and anisotropic spheres. One conve-
nient approach distinguishes between the two types of behavior by
comparing the rates of growth of Q�t� at short and long times. This
can be done by forming the ratio of the times taken to reach some
large fraction of its final value to the time needed to reach some
small fraction of the same final charge. This number is independent
of co, ro, and Diso. That is, if we define the quantity k = �Q�

− Q�/Q� and denote the time necessary to reach a given value of k
as t�k�, then the ratio t�k1�/t�k2� will be characteristic of the system
involved and will be different for an anisotropic sphere from its
value for an isotropic one. A few numerical values of the dimension-
less time ��k� for the anisotropic and isotropic spheres are given in
the left column in Tables II and III, respectively. The ratios
��k1�/��k2�, which are identical to the ratios t�k1�/t�k2�, are shown
in the body of the Table. If the experimental ratios agree with those
listed in Table III, then the particle is isotropic, otherwise it is an-
isotropic. In order to obtain the greatest discrimination between the
two types of particles, k1 should be as large as possible and k2 as
small as possible. However, because of the rapid initial growth of
Q�t� one would lose precision if too small a value of k were chosen,

Table II. Values of �k/�0.9 for an anisotropic sphere for selected valu

A
�k �k/�0.9 �k/�0.8 �k/�0.7

�0.1 = 0.271 181.655 43.460 18.318
�0.2 = 0.169 113.061 27.049 11.401
�0.3 = 0.111 74.769 17.888 7.540
�0.4 = 0.0736 49.341 11.804 4.975
�0.5 = 0.0469 31.454 7.525 3.172
�0.6 = 0.0280 18.743 4.4844 1.890
�0.7 = 0.0148 9.917 2.372
�0.8 = 0.00624 4.180
�0.9 = 0.00149

Table III. Values of �k/�0.9 for an isotropic sphere for selected value

�k �k/�0.9 �k/�0.8 �k/�0.7

�0.1 = 0.183 198.555 46.771 19.467
�0.2 = 0.1133 123.178 29.015 12.077
�0.3 = 0.07433 80.682 19.005 7.910
�0.4 = 0.04853 52.627 12.397 5.160
�0.5 = 0.03053 33.146 7.808 3.250
�0.6 = 0.0180 19.513 4.596 1.9130
�0.7 = 0.00940 10.200 2.403
�0.8 = 0.00391 4.245
� = 0.0009216
0.9
and so the choice of k1 = 0.9 appears a good compromise. Similarly,
the choice of k2 = 0.1 achieves both reasonable discrimination and
reasonable precision. Plots of ��k�/��0.9� vs ��k� based on the en-
tries in the second column of Tables II and III are shown in Fig. 3.
Note that the curves in this figure are simple best fits; hence, values
other than the points themselves should not be used for quantitative
analyses.

In an actual experiment, k�t� = �Q� − Q�t��/Q� can be deter-
mined in a straightforward fashion from plots of current vs time
until the particle is fully charged. A value of k�t� is then selected,
and, subsequently, the corresponding time required to achieve the
specific k�t�, i.e., t�k�, can be determined from the experimental
data. If the experimental ratio t�0.1�/t�0.9� yields a value close to
198, one can ascertain that the particle is indeed isotropic. If the
ratio is different from this value, the number of disks �2N� must be
determined independently by, for example, using structural informa-
tion and the entries in Tables II recalculated to obtain the corre-
sponding curve in Fig. 4.

This analysis enables the diffusion coefficient of a species within
both types of sphere to be determined. If the particle is known to be
anisotropic, the corresponding curve in Fig. 4 should be recalculated
for the specific number of layers involved. Once a specific value of
��k�/��0.9� � t�k�/t�0.9� is specified, it becomes possible to find
the value of ��k� = Dt�k�/ro

2, from which D can then be determined.
In summary, the chronocoulometric response of a layered,

graphite-like spherical electrode and an isotropic sphere of the same
radius to a potential step that renders insertion �or release� of a
species under strict diffusion control has been examined theoreti-
cally. The main conclusions emerging from this study can be sum-
marized as follows:

1. Except for the values of the diffusion coefficients, the tempo-
ral response of the dimensionless current for the anisotropic and
isotropic structures at long times is identical. Calculations involving
a wide range of numbers of layers indicate that the fit of results for
an anisotropic sphere to the theoretical result for an isotropic one
yields values for the “effective” diffusion coefficient about 60-70%
of the true value for the layered structure.

k.

opic
�k/�0.6 �k/�0.5 �k/�0.4 �k/�0.3 �k/�0.2

9.692 5.775 3.682 2.429 1.607
6.032 3.594 2.291 1.512
3.990 2.377 1.515
2.632 1.569
1.678

.

�k/�0.6 �k/�0.5 �k/�0.4 �k/�0.3 �k/�0.2

10.175 5.990 3.773 2.461 1.612
6.313 3.716 2.341 1.527
4.135 2.434 1.533
2.697 1.588
1.699
es of

nisotr
s of k
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2. In contrast, the ratio of times required to achieve two pre-
scribed fractions of the saturation value do provide a means of as-
sessing whether or not the particle is isotropic.

Figure 4. Plots of �k/�0.9 vs �k, where k = �Q� − Q��k��/Q�, for the re-
sponse of ��� isotropic and ��� anisotropic spheres of the same radius fol-
lowing application of a concentration step at the surface at � = 0. The curves
represent best fits to the calculated points; hence, interpolated values should
not be used for quantitative calculations.
3. Provided the number of layers in the anisotropic sphere is
known, it becomes possible to extract from the chronocoulometric
response the intrinsic value of the diffusion coefficient.

Implicit in the treatment herein presented is the absence of stag-
ing effects of the type found in graphite; the results obtained are
only valid for a single stage.
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